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УДК 514.1
G.G. Mihailichenko
The Phenomenologically Symmetric Geometry
of Two Sets of Rank (3,2)
Annotation. This note deals with one of the simplest phenomenologically symmetric
geometries of two sets of rank (3,2), determined on a one-dimensional and two-dimensional
manifolds by the metric function f = f(x, ξ, η).
Key words: geometry of two sets, phenomenological symmetry.
Suppose we are given a one-dimensional and a two-dimensional manifolds M and N,
whose points are defined by lowercase Latin and Greek letters correspondingly, and a
metric (two-point) function f that assigns to some pairs <iα> ∈M×N a real number
f(iα) ∈ R. We shall assume, for one thing, that two axioms are satisfied as follows:
A1. The domain of the function f is open and dense in M×N.
A2. The metric function f is sufficiently smooth.
If x and ξ, η are local coordinates in the manifolds M and N, then it is possible to
write down for the metric function f its coordinate representation:
f = f(x, ξ, η), (1)
and, for example, f(iα) = f(xi, ξα, ηα).
Suppose one more and third axiom is satisfied:
A3. The local coordinates x and ξ, η are included in the representation (1) in an
essential way.
The mathematical expression of the axiom A.3 will be the following inequalities:
∂f(x, ξ, η)/∂x 6= 0, ∂(f(x1, ξ, η), f(x2, ξ, η))/∂(ξ, η) 6= 0, (2)
if x1 6= x2, which we shall also write for some points of the manifolds:
∂f(xi, ξα, ηα)/∂xi 6= 0, ∂(f(xj , ξα, ηα), f(xk, ξα, ηα))/∂(ξα, ηα) 6= 0, (2
′)
if j 6= k.
We shall construct function F , by assigning to the cortege < ijk, αβ >∈ M3 ×N2 a
point (f(iα),
f(iβ), f(jα), f(jβ), f(kα), f(kβ)) ∈ R6, and introduce one last axiom:
A4. The set of values of the function F lies in R6 on a smooth non-degenerate hyper-
surface:
Φ(f(iα), f(iβ), f(jα), f(jβ), f(kα), f(kβ)) = 0. (3)
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Definition.We shall say that a metric function f gives on a one-dimensional manifold
M and a two-dimensional manifold N a phenomenologically symmetric geometry of two
sets (PS G2S) of rank (3,2) if all the above said axioms A1–A4 are satisfied.
The equation (3) establishes a nontrivial connection of the six functions f(iα), f(iβ),
f(jα), f(jβ), f(kα), f(kβ) of seven variables xi, xj, xk, ξα, ηα, ξβ, ηβ, for which to exist it
is necessary and sufficient that the rank of the corresponding functional matrix
∥∥∥∥∥∥∥∥∥∥∥∥∥∥
fx(iα) fx(iβ) 0 0 0 0
0 0 fx(jα) fx(jβ) 0 0
0 0 0 0 fx(kα) fx(kβ)
fξ(iα) 0 fξ(jα) 0 fξ(kα) 0
fη(iα) 0 fη(jα) 0 fη(kα) 0
0 fξ(iβ) 0 fξ(jβ) 0 fξ(kβ)
0 fη(iβ) 0 fη(jβ) 0 fη(kβ)
∥∥∥∥∥∥∥∥∥∥∥∥∥∥
(4)
of dimension 7× 6 should be less than 6.
Theorem. If a metric function f gives on a one-dimensional manifold M and a two-
dimensional manifold N a phenomenologically symmetric geometry of two sets (PS G2S)
of rank (3,2), then, with an accuracy up to a change of coordinates in the manifolds and
its scaling transformation, the representation (1) may be written in the following canonical
form;
f = xξ + η. (5)
From the theorem, it is clear what a most general expression for the coordinate
representation (1) of the metric function giving PS G2S of rank (3.2) must be:
f = χ(ϕ(x)ψ1(ξ, η) + ψ2(ξ, η)), (5
′)
where χ, ϕ are non-constant functions of one variable, and ψ1, ψ2 are independent functions
of two variables.
Let us take two Jacobians of sixth order vanishing to zero that are obtained from
the matrix (4) by way of crossing out the sixth and seventh rows and expand them with
respect to the elements of the first column:
−fx(iα)fξ(iβ)fx(jβ)fx(kβ)A(jk, α)− fξ(iα)fx(iβ)B1(jk, αβ) +
+ fη(iα)fx(iβ)C1(jk, αβ) = 0,
−fx(iα)fη(iβ)fx(jβ)fx(kβ)A(jk, α)− fξ(iα)fx(iβ)B2(jk, αβ) +
+ fη(iα)fx(iβ)C2(jk, αβ) = 0,


(6)
where
A(jk, αβ) =
∣∣∣∣ fξ(jα) fξ(kα)fη(jα) fη(kα)
∣∣∣∣ 6= 0,
B1(jk, αβ) =
∣∣∣∣∣∣∣∣
fx(jα) fx(jβ) 0 0
0 0 fx(kα) fx(kβ)
fη(jα) 0 fη(kα) 0
0 fξ(jβ) 0 fξ(kβ)
∣∣∣∣∣∣∣∣
,
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C1(jk, αβ) =
∣∣∣∣∣∣∣∣
fx(jα) fx(jβ) 0 0
0 0 fx(kα) fx(kβ)
fξ(jα) 0 fξ(kα) 0
0 fξ(jβ) 0 fξ(kβ)
∣∣∣∣∣∣∣∣
,
and the minors B2(jk, αβ) and C2(jk, αβ) are obtained from the minors B1(jk, αβ) and
C1(jk, αβ) respectively by way of the change fξ(jβ)→ fη(jβ), fξ(kβ)→ fη(kβ).
As result, we get a system of two differential functional relations (5), the rank of the
matrix of the coefficients of which, with the derivatives fx(iα), fξ(iα),
fη(iα), is equal to two, as, for example,
∣∣∣∣ B1(jk, αβ) C1(jk, αβ)B2(jk, αβ) C2(jk, αβ)
∣∣∣∣ 6= 0.
Indeed, expanding that determinant we do get the product
fx(jα)fx(jβ)fx(kα)fx(kβ)
∣∣∣∣ fξ(jα) fξ(kα)fη(jα) fη(kα)
∣∣∣∣×
∣∣∣∣ fξ(jβ) fξ(kβ)fη(jβ) fη(kβ)
∣∣∣∣ 6= 0,
in which each factor is unequal to zero, according to the inequalities (2).
We shall divide each of the relations (6) by fx(iβ)A(jk, α), and then fix the points
j, k and β. Then, with respect to the function f(iα), we get a system of two linear
homogeneous differential equations in partial derivatives of the first order, the rank of the
system being equal to two. We shall write it down, introducing convenient designation for
the coefficients and omitting the point indexes i and α of the variables (coordinates):
λ1fx + σ1fξ + τ1fη = 0,
λ2fx + σ2fξ + τ2fη = 0,
}
(7)
where f = f(x, ξ, η), λ = λ(x), σ = σ(ξ, η), τ = τ(ξ, η), neither λ nor σ2 + τ 2 being
equal to zero.
In the system (7), we shall perform the following change of the variables:
y = ω(x), µ = ϕ(ξ, η), ν = ψ(ξ, η),
which yields the following writing of its former equation:
λ1yxfy + (σ1µξ + τ1µη)fµ+ (σ1νξ + τ1νη)fν = 0,
and borrow the functions of that change from the solutions of the integrable equations
λ1ωx = 1, σ1ϕξ + τ1ϕη = 1, σ1ψξ + τ1ψη = 0.
If in the system (7) we get back to the previous designation of the coefficients and of
the new variables, i.e. of the new coordinates in the manifoldsM andN, then its equations
may be written in a simpler form:
fx + fξ = 0, λfx + σfξ + τfη = 0, (7
′)
the inferior index "2"in the latter equation dropped as redundant.
3
Let us demonstrate that in the system (7′) τ 6= 0 and λ 6= const. If τ = 0 then from
the system (7′) whose rank is equal to 2 we shall get fx = 0, fξ = 0, which is obviously
in contradiction with the conditions (2). And in case λ = a = const there appears from
the system (7′) the connection of the derivatives (σ − a)fξ + τfη = 0, which is also in
contradiction with the conditions (2).
Let us differentiate the second equation of the system (7′) with respect to the variables
x and ξ, and then sum the results up, with consideration of the first equation;
λxfx + σξfξ + τξfη = 0. (8)
If the rank of the augmented system (7′) + (8) of three equations is equal to three,
then we arrive at the metric function being degenerated in all the coordinates, as fx =
0, fξ = 0, fη = 0. So, ∣∣∣∣∣∣
1 1 0
λ σ τ
λx σξ τξ
∣∣∣∣∣∣ = 0,
hence, by expanding the determinant, we establish that
λx = λ
τξ
τ
−
στξ − τσξ
τ
. (9)
We shall differentiate the relation (9) with respect to the variable x, separating the
variables:
λxx
λx
=
τξ
τ
= a = const,
wherefrom, after partial integration of the result we get the equations for the coefficients
of the system (7′) :
λx = aλ+ b, σξ = aσ + b, τξ = aτ, (10)
a2 + b2 being unequal to 0, since λ 6= const.
When integrating the equations (10) we shall consider two cases separately: a = 0 and
a 6= 0. In the former case, that of
a = 0. (11)
the equations (10) become simpler:
λx = b, σξ = b, τξ = 0
and their solutions may be written as follows:
λ(x) = bx+ c, σ(ξ, η) = bξ + bσ(η), τ(ξ, η) = bτ(η),
where, obviously, b 6= 0 and τ(η) 6= 0.
Let us write down the system (7′) for the metric function with the coefficients found
in case (11):
fx + fξ = 0, xfx + (ξ + σ(η))fξ + τ(η)fη = 0. (12)
We shall perform in the system (12) the following change of the variables:
µ = ξ + ϕ(η), ν = ψ(η), (13)
4
where ψ′ 6= 0, taking into account that with such change
fξ = fµ, fη = ϕ
′(η)fµ + ψ
′(η)fν .
The former of the equations (12) will retain its simplest form, while the latter changes:
fx + fµ = 0, xfx + (ξ + σ(η) + τ(η)ϕ
′(η))fµ + τ(η)ψ
′(η)fν = 0.
The functions ϕ and ψ in the change of the variables (13) may be taken from the
solutions of the equations
σ(η) + τ(η)ϕ′(η) = ϕ(η), τ(η)ψ′(η) = 1.
If we now get back to the previous designation of the variables the system (12)is written
in the following form, simplest for the case (11):
fx + fξ = 0, xfx + ξfξ + fη = 0. (12
′)
We shall substitute the solution f = θ(x + ξ, η) of the first equation of the system
(12′), where θ = θ(u, v) is a function of two variables u = x + ξ and v = η, into its
second equation: uθu + θv = 0. By integrating the resulting equation, we find: θ(u, v) =
χ(u exp (−v)), where χ is an arbitrary function of one variable with one derivative unequal
to zero. As result, we get for the metric function the expression f = χ((x− ξ) exp (−η)),
which we shall rewrite as follows: χ−1(f) = x exp (−η) − ξ exp (−η), where χ−1 is the
function inverse to χ. It can be seen that with an accuracy up to the change of coordinates
exp (−η) → ξ, −ξ exp (−η) → η and a scaling transformation χ−1(f) → f it coincides
with the canonical expression (5) that took place in the theorem that we proved above.
We shall note that all the above said changes of variables performed while solving the
initial system (7) are essentially changes of coordinates in the manifolds M and N.
Let us now consider the latter case, i.e. that when
a 6= 0. (14)
The solutions of the differential equations (10) for the coefficients of the system (7′)
may be written down as follows:
λ(x) = c exp ax− b/a, σ(ξ, η) = cσ(η) exp aξ − b/a, τ(ξ, η) = acτ(η) exp aξ,
where c 6= 0, τ(η) 6= 0, as λ′ 6= 0 and τ(ξ, η) 6= 0.
We shall introduce new coefficients into the system (7′), introducing additionally
change of the variables ax→ x, aξ → ξ :
fx + fξ = 0, exp (x− ξ)fx + σ(η)fξ + τ(η)fη = 0. (15)
We shall substitute the solution f = θ(x − ξ, η) of the first equation of the system
(15) into its second equation: (exp u− σ(v))θu+ τ(v)θv = 0, where, as in the former case,
u = x− ξ, v = η. The equation is solved by the method of characteristics:
θ(u, v) = χ(ϕ(v) exp (−u) + ψ(v)),
Where the functions ϕ(v) and ψ(v) are, in their turn, solutions of other equations:
ϕ′(v)
ϕ(v)
= −
σ(v)
τ(v)
,
ψ′(v)
ϕ(v)
=
1
τ(v)
.
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Then, for the metric function (1) we have:
f = χ(ϕ(η) exp (−x+ ξ) + ψ(η)),
which, obviously, with an accuracy up to its scaling transformation χ−1(f) → f and
change of the variables exp (−x) → x and ϕ(η) exp ξ → ξ, ψ(η) → η (change of the
coordinates in the manifolds M and N) may be written in the canonical form (5).
Let us make sure that for the metric function (5), satisfying obviously the inequalities
(2) of the axiom A.3, the rank of the functional matrix (4) is equal to 5, i.e. that for that
function there exists an only independent equation (3) that expresses the phenomenological
symmetry of rank (3,2) of the geometry of two sets that it defines on a one-dimensional
and a two-dimensional manifolds.
Let us substitute the metric function (5) into the functional matrix (4):
∥∥∥∥∥∥∥∥∥∥∥∥∥∥
ξα ξβ 0 0 0 0
0 0 ξα ξβ 0 0
0 0 0 0 ξα ξβ
xi 0 xj 0 xk 0
1 0 1 0 1 0
0 xi 0 xj 0 xk
0 1 0 1 0 1
∥∥∥∥∥∥∥∥∥∥∥∥∥∥
(16)
Since the Jacobian of the fifth order of the matrix (16), obtained by crossing out the last
two rows and the last column and equal to −ξαξ
2
β(xi − xj), is unequal to zero, and any
Jacobian of the sixth order is equal to zero, the rank of the matrix is equal to 5.
For the six functions
f(iα) = xiξα + ηα, f(iβ) = xiξβ + ηβ,
f(jα) = xjξα + ηα, f(jβ) = xjξβ + ηβ,
f(kα) = xkξα + ηα, f(kβ) = xkξβ + ηβ


the equation (3) is found by way of elimination of all the seven coordinates xi, xj, xk, ξα, ηα, ξβ, ηβ
of the points of the cortege < ijk, αβ >:∣∣∣∣∣∣
f(iα) f(iβ) 1
f(jα) f(jβ) 1
f(kα) f(kβ) 1
∣∣∣∣∣∣ = 0,
The proof of the theorem is complete.
We shall note that the PS G2S of rank (3,2) is endowed with a group symmetry of
degree 2. Its set of motions consists of two-parameter groups of transformations
x′ = ax+ b, ξ′ = ξ/a, η′ = η − bξ/a,
preserving the metric function x′ξ′ + η′ = xξ + η, i.e. the distance between any two of
its points. Thus, the Erlangen programme of F. Klein (1872) that was formulated by him
for ordinary geometries on one set is also valid for the phenomenologically symmetric
geometry of two sets of rank (3,2) in question.
We shall also note that the PS G2S of rank (3,2) springs up in a natural way when
we analyze the structure of Ohm’s law [1. pp. 121-123] and so can be called a physical
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structure. For the first time its rigorous mathematical definition was given in note [2], but
the proof of the corresponding theorem of existence and singleness was more complicated
and bulkier.
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УДК 514.1
The Phenomenologically symmetric geometry
of two sets of rank (3,2)
Mihailichenko G.G.
A geometry of two sets (GTS) is given on manifolds M and N by a metric (two-
point) function f : M×N → R. Its phenomenological symmetry (PS) means that for
some numbers of points from each manifold all the reciprocal distances are tied to some
equation. Such simplest geometry on one-dimensional manifolds was discovered by Yu.I.
Kulakov when he was analyzing the structure of Newton’s 2nd law. In this note the PS
G2S of rank (3,2) that springs up in the process of analysis the structure of Ohm’s law is
precisely defined and analyzed using a new approach.
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